Polymer translocation experiments typically involve anionic polyelectrolytes such as DNA molecules driven through negatively charged nanopores. Quantitative modelling of polymer capture to the nanopore followed by translocation therefore necessitates the consideration of the electrostatic barrier resulting from like-charge polymer-pore interactions. To this end, in this work we couple mean-field level electrohydrodynamic equations with the Smoluchowski formalism to characterize the interplay between the electrostatic barrier, the electrophoretic drift, and the electro-osmotic liquid flow. In particular, we find that due to distinct ion density regimes where the salt screening of the drift and barrier effects occur, there exists a characteristic salt concentration maximizing the probability of barrier-limited polymer capture into the pore. We also show that in the barrierdominated regime, the polymer translocation time τ increases exponentially with the membrane charge and decays exponentially fast with the pore radius and the salt concentration. These results suggest that the alteration of these parameters in the barrier-driven regime can be an efficient way to control the duration of the translocation process and facilitate more accurate measurements of the ionic current signal in the pore.
I. INTRODUCTION
Biopolymer sequencing is of major relevance to various fields ranging from forensic sciences to biotechnology and gene therapy. In this context, nanopore-based sequencing approaches have been a central focus over the past two decades. Polymer translocation was initially conceptualised by using biological nanopores such as α-Hemolysin channels of limited characteristics and undesirable fragility [1] [2] [3] [4] [5] [6] [7] [8] [9] . Recent advancements in nanotechnology have significantly improved the reliability of the sequencing techniques. More precisely, the use of solidstate nanopores of various size and charge compositions now offers a wide range of functionalities that can allow to improve the resolution of the method [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] . The technological progress requires development of theoretical models that can relate the tunable system parameters to experimentally observable quantities such as polymer capture rates, translocation times, and the ionic current blockade. Due to the high complexity of the polymer translocation process this constitutes a challenging task.
There are various factors that contribute to the complexity of the polymer translocation problem. The first difficulty stems from the non-equilibrium nature of the polymer capture and transport processes. Further, the entangled effect of different mechanisms on translocation such as electrostatic polymer-pore and polymer-ion in- * email: Buyukdagli@fen.bilkent.edu.tr † email: Tapio.Ala-Nissila@aalto.fi teractions, hydrodynamic polymer-solvent interactions, and conformational polymer fluctuations necessitates the consideration of these features on an equal footing. Thus, polymer translocation should be formulated within the framework of a beyond-equilibrium electrohydrodynamic theory which has not been accomplished to date. Most models of polymer translocation dynamics to date are based on either coarse-grained computer simulations and theories that do not explicitly take into account electrostatic effects, or short time scale Molecular Dynamics (MD) simulations of atomistic polymer-pore models [21] . However, there are also theoretical attempts to consider some specific aspects of electrostatics to translocation dynamics at the continuum level. By coupling the mean-field (MF) Poisson-Boltzmann (PB) equation with the Stokes equation, Ghosal investigated the effect of salt on the DNA translocation velocity [24, 25] . The influence of the polymer's self-energy on the unzipping of a DNA hairpin during translocation was studied by Zhang and Shklovskii in Ref. [26] . Solving the linear PB equation together with the Smoluchowski equation, Wong and Muthukumar focused on the effect of the electro-osmotic flow on DNA capture outside the nanopore [27] . A nonequilibrium theory of polymer transport through neutral pores was later developed by Muthukumar [28, 29] . The polymer capture process with a detailed consideration of the polymer hydrodynamics was also modelled in Refs. [30] [31] [32] [33] . Hatlo et al. investigated the effect of salt gradient on polymer capture [34] . One of the central issues here is the reduction of the polymer's velocity upon its penetration into the pore in order to control the translocation process and readout of the ionic block-ade current [8] . MD simulations [35] and correlationcorrected theories [36] have shown that this goal can be achieved by the addition of polyvalent cations to the electrolyte solution.
Polymer translocation experiments are usually conducted with negatively charged polyelectrolytes such as DNA molecules translocating through silicon-based membrane nanopores carrying fixed negative charges on their wall [19, 21] . The interaction between the pore and polymer charges is expected to result in an electrostatic barrier that opposes the polymer capture by the pore. To our knowledge, the effect of this barrier has not been taken into account by previous theories. Motivated by these points, in this work we develop a non-equilibrium polymer transport theory that treats on the same footing the electrostatic barrier, the electrophoretic drift, and the electroosmotic flow. In our model, we neglect conformational polymer fluctuations and treat the polyelectrolyte as a rigid charged cylinder. Furthermore, we focus on the case of symmetric monovalent electrolytes and large pores where the PB formalism is known to be accurate [36] . Therefore, we restrict ourselves to the MF formulation of electrostatic interactions. However, we note that our formalism is general enough for further extensions, including electrostatic correlation effects that will be considered in future work.
Our polymer translocation model is developed in Section II. The formalism is based on the coupling of the Smoluchoswki equation with the PB and Stokes equations, and the force-balance relation for the polymer. In the inclusion of the electrostatic barrier, which is the main novelty of our work, we make use of a test-charge approach recently developed by one of us in Ref. [37] . By considering the steady-state regime of this electrohydrodynamically enhanced Smoluchowski formalism, we calculate the polymer translocation rate. The competition between the electrophoretic drift, the electroosmotic flow, and the electrostatic barrier is fully scrunitized in Section III. In the same section, we also investigate the effect of tunable system parameters on the polymer translocation time. Finally, we summarize our main results and discuss the approximations and potential extensions of our modeling.
II. POLYMER TRANSLOCATION MODEL
In this section, we derive the polymer translocation rates characterizing the barrier-limited capture of a polyelectrolyte and its transport through a charged pore confining an electrolyte solution. The computation of the polymer translocation rate necessitates the steady-state The cylindrical polymer has radius a, length Lp, and negative surface charge density −σp with σp > 0. The cylindrical nanopore has length Lm (which may be either longer or shorter than Lp), radius d, and surface charge density −σm with σm > 0. The polymer portion in the pore has length lp with the right end located at z = zp. The translocation takes place along the z axis, with the external electric field E = −Eûz and pressure gradient ∆P = P2 − P1.
knowledge of the electrostatic potential in the pore as well as the electrostatic interaction energy of the polymer with the membrane. Based on MF level PB electrostatics, these features are derived in Sec. II B.
A. Electrohydrodynamically augmented Smoluchowski equation
The model of the charged polymer-pore system is depicted in Fig. 1 . The cylindrical nanopore has radius d and length L m . The pore wall carries negative fixed charges of density −σ m with σ m > 0. The negatively charged polymer is a rigid cylinder of radius a, total length L p , and uniform surface charge density −σ p with magnitude σ p > 0. The reservoir and the pore also contain a symmetric electrolyte composed of monovalent positive and negative charges with bulk concentration ρ b . We assume that the translocation takes place along the z axis whose origin is located at the pore entrance. That is, we neglect off-axis polymer fluctuations. The reac-tion coordinate of the translocation is z p , the position of the right end of the polymer. The length of the polymer portion located inside the pore will be denoted by l p . In addition to the hydrodynamic drag force and the externally applied field E = −Eû z of magnitude E along the negative z axis, upon its penetration to the pore the polymer experiences an electrostatic barrier V p (z p ) resulting from its direct electrostatic interaction with the membrane. This electrostatic barrier will be derived in Sec. II B 2.
The probability density of the polymer c(z p , t) solves the Smoluchowski equation that can be expressed as a continuity equation
with the density current
The first term on the r.h.s. of Eq. (2) is the diffusive flux of entropic origin corresponding to Fick's law. The quantity D stands for the translational diffusion coefficient of a cylindrical rigid polymer [38, 39] given by
with the viscosity coefficient of water η = 8.91 × 10 −4 Pa s. We note that Eq. (3) is valid for L p a. The second term in the polymer current Eq. (2) is the convective contribution from the polymer motion associated with external effects such as the applied field E, the hydrodynamic drag force on the polymer, and electrostatic polymer-pore interactions. By coupling the Stokes equation with the Poisson equation and the force balance relation, we derive next the corresponding polymer velocity v p (z p ).
Computing the polymer velocity
We assume that the convective liquid velocity is purely longitudinal and depends exclusively on the radial coordinate r. Therefore, the liquid velocity u c (r) solves the Stokes equation in the radial direction
where e stands for the electron charge and ρ c (r) the ionic charge density. Here we combine the Stokes equation with the Poisson equation ∇ 2 r φ(r) + 4π B ρ c (r) = 0 for the average electrostatic potential φ(r) in the pore, where B ≈ 7Å is the Bjerrum length. This yields
where we have defined the electrophoretic mobility
where ε w = 80 the relative dielectric permittivity of water, k B the Boltzmann constant, and T = 300 K the ambient temperature. Integrating Eq. (5) twice we find
In order to determine the integration constants c 1 and c 2 , we impose a no-slip condition at the pore wall, i.e. u c (d) = 0. Next we account for the fact that at the polymer surface, the polymer and the liquid have the same velocity, u c (a) = v p (z p ), where z p should be considered as an adiabatic variable. This yields the convective liquid velocity in the form
where we introduced the polymer and pore surface potentials ξ p = φ(a) and ξ w = φ(d). These surface potentials will be explicitly calculated in Sec. II B 1. At this point, we account for the force balance relation. This follows from the steady state regime of Newton's second law for the polymer, F e + F d + F b = 0, with the electrostatic force on the DNA molecule F e = 2πaL p σ p eE, the hydrodynamic drag force F d = 2πaL p ηu c (a), and the barrier-induced force
Next, by using Eq. (8) we eliminate the term u c (a) in Eq. (9) . Accounting also for Gauss' law φ (a) = 4π B σ p , after some algebra the polymer velocity follows as
where β = 1/(k B T ). In Eq. (10), the first term is the drift velocity induced by the externally applied electric field E,
Since both the polymer and pore charges contribute to the surface potentials ξ p and ξ w , Eq. (11) includes both the electrophoresis and the effect of the electroosmotic liquid flow. The second term of Eq. (10) is the velocity component associated with the streaming current,
Finally, the third term in Eq. (10) corresponds to the effect of the barrier on the polymer velocity, with the effective diffusion coefficient in the pore
We note that the effective diffusion coefficient D * is similar to the bulk value in Eq. (3), with the polymer length L p in the logarithm replaced by the pore radius d.
Steady-state solution of the Smoluchowski equation
In the steady-state regime of Eq. (1) where ∂ t c(z p , t) = 0, the probability current is constant in time and uniform in the pore, i.e. J(z p , t) = J 0 . In this regime, plugging the velocity Eq. (10) into Eq. (2), the current becomes
Introducing the effective potential
Eq. (14) can be expressed in the form
Finally, integrating Eq. (16) the probability density of the polymer follows as
The integration constants C and J 0 in Eq. (17) will be fixed by the boundary conditions. First, we assume that the polymer that leaves the pore is rapidly removed from the system. Thus, we impose an absorbing boundary condition at the point z p = L m + L p , where the whole DNA molecule is located on the trans side, i.e. c(L m + L p ) = 0. The second condition follows from the polymer density at the pore entrance, c(z p = 0) = c out . Imposing these conditions to Eq. (17) and considering that U p (0) = 0, the steady-state probability density becomes
and the probability current reads
The polymer translocation rate is given by the ratio of the polymer current and the density at the pore entrance, i.e. R c = J 0 /c out , or
B. Electrostatic formalism
In this section we derive the electrostatic potential φ(r) and the barrier V p (z p ) required for the computation of the drift and barrier-induced velocity components in Eq. (10) . In the present work, we will consider exclusively the case of monovalent electrolytes confined to large pores with radius d > 1 nm where charge correlations are known to be negligible [36] . Therefore, we will limit ourselves to the electrostatic MF formulation of the problem. However, it should be noted that the polymer transport formalism developed in Section II A is not restricted to MF electrostatics and can be readily coupled with beyond-MF electrostatic equations. We will treat the corresponding charge correlation effects in a separate article.
Computing the surface potentials and drift velocity
Here, we compute the drift velocity component v dr of the polymer velocity Eq. (10). According to Eq. (11), this requires the derivation of the surface potentials ξ p = φ(a) and ξ w = φ(d). In the following calculation, we will neglect the longitudinal boundaries of the nanopore and the polymer. In order to compute the surface potentials, one has to solve the non-linear PB (NLPB) equation for a symmetric electrolyte, 
and the charge density of the polymer and the pore,
Equation (20) should be solved by imposing Gauss' law at the pore and polymer surface,
Equation (20) cannot be solved analytically. Thus, we will solve it around the constant Donnan potential φ d approximating the actual potential φ(r) in the pore. In order to determine the Donnan potential in Eq. (20), we first neglect the variations of the average potential and set φ(r) = φ d . Integrating the resulting equation over the cross section of the pore, one gets
whose inversion yields the Donnan potential
where we introduced the auxiliary parameter
In Eq. (27), we defined the adimensional radiid = κ b d andã = κ b a, where the bulk Debye-Hückel parameter is given by κ b = √ 8π B ρ b . Furthermore, we introduced the parameters s m = κ b µ m and s p = κ b µ p , where µ m = 1/(2π B σ m ) and µ p = 1/(2π B σ p ) stand for the Gouy-Chapman lengths associated with the membrane and polymer charges, respectively.
We can improve the Donnan approximation by accounting for the spatial variations of the potential in the pore. We express the average potential in the form
Next, we insert Eq. (28) into Eq. (20) and Taylor expand the latter in terms of the correction term δφ(r). Using Eq. (25) and defining the Donnan screening parameter
one gets the differential equation
The solution to this linear differential equation satisfying the boundary conditions (24) reads
where we introduced the auxiliary parameters
In Eq. (31), we used the modified Bessel functions I m (x) and K m (x) [40] . Using Eq. (28), the drift velocity (11) can be expressed in terms of Eq. (31) as
In Sec. III A, the accuracy of the improved Donnan approximation will be tested by comparing the drift velocity of Eq. (34) with the result obtained from the numerical solution of the NLPB in Eq. (20) (see Fig. 2 ).
Computing the electrostatic barrier
In this subsection we calculate the electrostatic barrier experienced by the DNA inside the pore. In our model, the barrier V p (z p ) is induced by the electrostatic coupling between the DNA charges and the fixed charges on the nanopore wall. Thus, in the calculation of this barrier, we will neglect the electrostatic potential outside the pore and take into account only the polymer portion of length l p located in the pore. As translocation experiments cover a wide range of polymer and pore sizes, the total polymer length L p can be shorter or longer than the pore length L m . In order to generalize the formulation of the problem to both situations, we introduce the auxiliary lengths
Hence, the barrier V p (z p ) can be expressed in terms of the electrostatic grand potential Ω mf (l p ) of the polymer portion in the pore as
The first, second, and third terms of Eq. (36) correspond respectively to the polymer capture regime, the translocation at constant length l p = L − , and the exit regime.
In the MF limit of the test charge approach developed in Ref. [37] , the polymer grand potential reads
In Eq. (37), φ m (r) is the average potential induced exclusively by the fixed charges on the membrane wall. Thus, this potential solves the PB Eq. (20) without the polymer charge density. Consequently, the potential φ m (r) can be obtained from Eq. (28) by setting σ p = 0. This yields
with the Donnan potential φ md associated only with the pore charges
where
In Eq. (38), the potential correction δφ m (r) follows from Eq. (31) in the form
where we introduced the screening parameter associated with the charged pore only,
For the evaluation of the polymer grand potential (37), we will include into the polymer charge density Eq. (22) the length of the polymer portion located in the pore,
The MF grand potential (37) then becomes
Finally, substituting Eq. (44) into Eq. (36), the electrostatic barrier experienced by the polymer takes the form
where we introduced the piecewise function
III. RESULTS
Based on the drift velocity Eq. (34) and electrostatic barrier Eq. (45), we derive here the polymer velocity, translocation rates, and translocation time. In the rest of the article, we will consider the case of a vanishing pressure gradient ∆P = 0 which yields a vanishing streaming velocity v str = 0 in Eq. (15) . We also note that unless otherwise stated, all results will be obtained from the improved Donnan approach of Eqs. (34) 
and (45).

A. Polymer potential and velocity profile
In order to derive the potential U p (z p ), we introduce the characteristic inverse lengths λ e and λ b associated respectively with the drift motion and the barrier,
Injecting the drift velocity Eq. (34) and the barrier Eq. (45) into Eq. (15), the effective potential becomes
where the piecewise function Θ(z p ) is defined in Eq. (46). We derive next the polymer velocity v p (z p ) of Eq. (10). According to Eqs. (10) and (15), the polymer velocity is related to the effective potential (49) by v p (z p ) = −βDU p (z p ). This yields the piecewise velocity profile
where the drift and barrier-induced velocity components are respectively 
Drift velocity reversal
The main plot of Fig. 2 displays the drift velocity component v dr against the membrane charge σ m . The red curve is the exact MF result obtained from the numerical solution of the PB Eq. (20) . One notes that the Donnan approximation Eq. (34) (black curve) is significantly more accurate than the result obtained from the standard solution of the linear PB equation (blue curve),
In Eq. (52), we introduced the geometric coefficients
withã = κ b a andd = κ b d. Equation (52) can be derived alternatively from the Taylor expansion of Eq. (34) in terms of the charge densities σ m and σ p . The main point in Fig. 2 is the change of the sign of the velocity from positive to negative with increasing membrane charge. This stems from the counterion attraction by the charged pore, which results in an electroosmotic flow moving parallel with the field [25] . At large membrane charges σ m 0.3, the hydrodynamic drag exerted by this flow on the polymer dominates the electric force induced directly by the field E on the polymer charges. This reverses the direction of the drift velocity component v dr which becomes negative.
According to Eq. (52), the reversal of the drift velocity occurs at membrane charge densities σ m ≥ σ m,1 with the threshold charge σ m,1 given by
Equation (56) is plotted versus the pore size in the inset of Fig. 2 . First, one notes that σ m,1 < σ p for any pore size. Then, at large pore radiid 1 the characteristic charge σ m,1 converges to the saturation value σ m,1 ≈ σ p K 0 (ã)/K 1 (ã). With decreasing polymer radius a, this saturation value is lowered according to the relation σ m,1 /σ p ≈ −ã lnã forã 1.
Influence of electrostatic barrier on polymer velocity
We investigate next the influence of the membrane charge σ m on the net polymer velocity v p (z p ). To this end, in Figs. 3(a) and (b) we plot the electrostatic barrier Eq. (45), the polymer potential Eq. (49), and the velocity profile Eq. (50) at two different membrane charges given in the legend. Figures 3(a) and (b) 
Figure 3(a) shows that the external field E drops the net potential U p (z p ) experienced by the polymer below the barrier V p (z p ). At the membrane charge σ m = 0.01 e/nm 2 corresponding to the drift-dominated regime with λ e > λ b (black curves), the potential U p (z p ) is downhill for z p ≤ L − and the capture velocity in Fig. 3(b 
Rising the membrane charge to σ m = 0.02 e/nm 2 where one gets into the barrier-dominated regime with λ b > λ e (red curves), the barrier V p (z p ) is enhanced and the potential U p (z p ) turns from downhill to uphill for z p ≤ L − . Consequently, at the pore entrance, the polymer velocity changes its direction and becomes negative, v p = v dr − v b < 0. Thus, at this membrane charge value and beyond, the polymer is likely to be rejected from the pore. The transition from drift to barrier-dominated regime is investigated in Sec. III B in terms of the polymer translocation rate.
B. Polymer capture and translocation rates
Here, we calculate the polymer translocation rate. Evaluating the integral in Eq. (19) with the potential function (49), the polymer translocation rate follows as
where the characteristic rates for barrier-limited polymer capture, translocation at constant length, and exit regimes are respectively given by In the case of a neutral pore and vanishing external field E = 0 where λ e = λ b = 0, the translocation rate takes the simple diffusive form R c = D/(L m + L p ). Next, we investigate the dependence of the translocation rate on the membrane charge σ m and pore radius d.
Membrane charge σm and pore radius d
In Fig. 4 , we plot the translocation rate (solid curves) and the capture velocity v dr − v b (dashed lines) rescaled by the drift velocity v dr against the membrane charge σ m at different polymer lengths L p . We note that in the limit of a neutral pore σ m = 0, all curves converge to R c /v dr = 1. In this limit where the barrier vanishes (V p (z p ) = 0 and λ b = 0), the translocation rate (61) becomes
Thus, polymer transport through neutral pores is purely electrophoretic.
For the case of charged membranes Fig. 4 shows that in the drift-driven regime with λ b < λ e or σ m < σ m,2 where the characteristic charge σ m,2 will be calculated below, the translocation rate drops linearly with increasing membrane charge. In the subsequent barrierdominated regime λ b > λ e or σ m > σ m,2 , the translocation rate decays exponentially.
We investigate first the drift-dominated regime σ m < σ m,2 . We note that the total translocation rate Eq. (61) can be very accurately approximated by the barrierlimited capture rate of Eq. (58), i.e. R c ≈ R 1 (compare the blue curve and dots in Fig. 4) . Thus, for λ e > λ b , the behaviour of the translocation rate follows from Eq. (58) as
which explains the superposition of the velocity and translocation rate curves. We now note that in the linear PB approximation, the barrier-induced velocity component in Eq. (51) takes the simple form
Substituting the velocity components (52) and (64) into Eq. (63), we get a closed-form expression for the translocation rate in the drift-dominated regime as
(65) The linear dependence of Eq. (65) on the membrane charge σ m explains the linear decay of the translocation rates in Fig. 4 .
We now focus on the barrier-dominated regime σ m > σ m,2 . Fig. 4 shows that the exponential decay of the translocation rate at σ m ≈ σ m,2 is accompanied with the reversal of the polymer velocity. Indeed, in this regime with λ b > λ e , the capture velocity is negative, v dr − v b < 0, and one also gets from Eq. (58)
The limiting law Eq. (66) corresponds to the Kramers' transition rate formula associated with the electrostatic barrier ∆U ∼ k B T L − (λ b − λ e ) that has to be overcome by the polymer in order to penetrate the pore. Using 
Eqs. (51)-(52) and (64), Eq. (66) becomes
Comparison of Eqs. (56) and (68) shows that the characteristic charges for drift velocity inversion and transition from drift to barrier-driven regime satisfy σ m,1 > σ m,2 (see also the inset of Fig. 2) . Thus, at membrane charges σ m ≈ σ m,1 , where the reversal of the drift velocity should occur, successful DNA capture events should be rare. This contradicts the suggestion of earlier works to reduce the polymer translocation velocity via the drift velocity inversion illustrated in Fig. 2 [25] . We finally note that in Fig. 4 , the drift-dominated regime of longer polymers extends over an extended range of the membrane charge. Indeed, Eq. (68) predicts that the rejection of longer polymers should occur at higher membrane charges, i.e. L p ↑ σ m,2 ↑. The mechanism behind this effect is investigated in Sec. III B 2. Finally, in the inset of Fig. 4 , we display the behaviour of the translocation rate with the pore size. Beyond a characteristic pore size where one gets into the driftdominated regime λ e > λ b , the translocation rate increases (d ↑ R c ↑) and converges to the drift velocity v dr . This trend can be explained by the relation R c ≈ v dr − v b in Eq. (63). The increase of the pore size reduces the membrane-induced potential φ m (a) and the barrier V p (z p ). This lowers in turn the barrier-induced velocity component v b and the translocation becomes essentially drift-dominated at large pores, i.e. R c ≈ v dr . Next, we investigate the dependence of the translocation rates on the polymer length and voltage.
Polymer length Lp and voltage ∆V
In Fig. 5 , we display the behaviour of the rescaled translocation rate R c /v dr with the polymer length L p . In qualitative agreement with experimental curves [19, 23] , the translocation rate increases with the polymer length (L p ↑ R c ↑) and saturates at the drift velocity v dr . This trend can be explained by Eq. (65) where the barrierinduced term decays as L −1 p while the drift term does not depend on L p . The physical mechanism behind this peculiarity is encoded in the force balance Eq. (9) . One sees that the electric field E acts on the whole polymer with length L p whereas the barrier-induced force −V p (z p ) is induced exclusively by the polymer portion l p located in the pore. Hence, the longer the polymer, the stronger the drift effect with respect to the electrostatic barrier. This mechanism also explains the increase of the critical membrane charge σ m,2 with the polymer length in Fig. 4 . Figure 5 shows that due to the same mechanism, the stronger the membrane charge, the longer the characteristic polymer length L * p where the translocation rate becomes vanishingly small, i.e. σ m ↑ L * p ↑. The length L * p corresponding to the boundary between the barrier and drift dominated regimes follows from λ e = λ b as
Equation (69) is plotted versus the membrane charge in the inset of Fig. 5 . L * p rises steadily with the membrane charge and its slope is amplified for σ m 0.15 e/nm 2 . For the sake of analytical clarity, we pass to the linear PB approximation and expand Eq. (69) in terms of the charges σ m and σ p . The critical polymer length simplifies to
Equation (70) indeed predicts the increase of the critical length L * p with the membrane charge for σ m < σ m,1 and its divergence at σ m → σ m,1 . This divergence reflects the fact that due to the reversal of the drift velocity at σ m = σ m,1 , the drift effect cannot overcome the electrostatic barrier and drive the polymer into the pore regardless of how long the polymer is. In Fig. 6 , we display the evolution of the translocation rate with the voltage ∆V at various polymer lengths and membrane charges. Below a threshold voltage ∆V * in the barrier-dominated regime of Eq. (67), the translocation rate increases exponentially with the external voltage. The same trend is illustrated in the inset at the linear scale. Above the threshold voltage ∆V * where one gets into the drift-dominated regime of Eq. (65), the capture velocity switches from negative to positive and the translocation rate increases linearly with voltage. This turnover is in agreement with experiments [19, 23] and simulations [41] . The threshold voltage ∆V * follows from Eq. (70) as
In agreement with Fig. 6 , Eq. (71) predicts the rise of the threshold voltage by the membrane charge σ m ↑ ∆V * ↑ and its reduction by the polymer length L p ↑ ∆V * ↓. Next, we characterize the effect of the polymer charge on the competition between the drift and barrier effects.
Polymer charge σp
The translocation rate Eq. (65) indicates that the opposing drift and barrier effects are both enhanced by the polymer charge σ p . In order to understand the overall effect of the latter on the translocation process, in Fig. 7 we plot the translocation rate R c versus the polymer charge σ p at various membrane charges σ m . In the case of a neutral pore σ m = 0 where translocation is driven by electrophoresis, due to the enhancement of the electrophoretic polymer mobility by the polymer charge the translocation rate increases monotonically. In charged pores where the electrostatic barrier component in Eq. (65) comes into play and reduces the amplitude of the translocation rate, the latter initially grows with the polymer charge (σ p ↑ R c ↑), reaches a peak, and drops beyond this turning point (σ p ↑ R c ↓) when the enhancement of the electrostatic barrier by the polymer charge takes over the amplification of the electrophoretic mobility. Figure 7 shows that beyond the characteristic membrane charge σ m ≈ 0.015 e/nm 2 , regardless of the polymer charge strength, the translocation rate remains vanishingly small. In order to explain this peculiarity, we calculate the characteristic polymer charge σ * p where the transition from the barrier to the drift-dominated regimes occurs. This follows by setting R c = 0 in Eq. (65),
where we introduced the characteristic membrane charge
In the inset of Fig. 7 , the critical polymer charge Eq. (72) is seen to grow with the membrane charge and diverge at the threshold value σ m,3 ≈ 0.016 e/nm 2 beyond which translocation events become purely barrier-dominated at any polymer charge strength. The upper membrane charge σ m,3 for successful translocation events is one of the key findings of our work. Eq. (73) shows that this threshold charge increases with the polymer length L p , the electric field E, and the salt density ρ b . The effect of the salt density on the polymer translocation is thoroughly scrutinized in the next part.
Salt concentration ρ b
Salt concentration is a practical control parameter that has not yet been fully considered in translocation experiments. This probably stems from our still incomplete understanding of the salt effects on the polymer capture and transport processes. Motivated by this point, in Fig. 8(a) , we illustrate the behaviour of the translocation rates (solid curves) and capture velocities (dashed curves) with the salt density at various membrane charges. In order to interpret the curves, we Taylor expand Eq. (65) in terms of the screening parameter κ b . This yields
where the auxiliary coefficients a p,m and b p,m that depend only on the pore and polymer radii are given in Appendix A1. In neutral pores σ m = 0 where the second term of Eq. (74) associated with the barrier vanishes, the drift component of the translocation rate decreases linearly with the salt density ρ b . In Fig 8(a) , the corresponding trend is shown by the black curve. This effect originates from the screening of the polymer charges and the resulting reduction of the electrophoretic polymer mobility. In charged membranes, the barrier component of Eq. (74) comes into play. In this case, Fig. 8(a) shows that below a characteristic salt density ρ b = ρ b,1 , translocation rates are vanishingly small. Beyond this salt density, due to the screening of the barrier component in Eq. (74), the translocation rates increase (ρ b ↑ R c ↑), reach a maximum at ρ b = ρ b,2 , and decrease in the purely drift-dominated regime (ρ b ↑ R c ↓) where the charge screening of the polymer mobility occurs. The decreasing behaviour at strong salt concentrations was observed in translocation experiments where the increment of the salt density from ρ b = 1 M to 4 M was shown to reduce the translocation rate by an order of magnitude [23] .
The non-monotonic behaviour of the translocation rate with the salt concentration indicates that there exists an optimal concentration maximizing the probability of DNA capture into the pore. This result is one of the key predictions of our model. We first derive a closed form expression for the characteristic concentration ρ b,1 . In Eq. (74), neglecting the first order correction coefficients b p and b m , and setting R c = 0, one gets
.
We calculate now the second characteristic salt concentration ρ b,2 corresponding to the maximum of the curves in Fig. 8(a) . From the equation ∂ κ b R c = 0, one finds Equations (75) and (76) are plotted together in Fig. 8(b) .
In agreement with the behaviour of the curves in Fig. (8)(a) , the characteristic ion concentrations ρ b,1 and ρ b,2 increase monotonically with the membrane charge density, i.e. σ m ↑ ρ b,{1,2} ↑. Equation (76) also shows that due to the amplification of the drift effect with respect to the electrostatic barrier, the larger the electric field or the longer the polymer, the lower the optimal salt concentration, i.e. E ↑ ρ b,2 ↓ and L p ↑ ρ b,2 ↓. These predictions call for experimental verifications. We consider next the influence of the tunable experimental parameters on the polymer translocation time.
C. Polymer translocation time
In order to improve the accuracy of nanopore-based sequencing methods, one of the main challenges consists of adjusting the duration of the ionic current blockage induced by the translocating polymer. This objective clearly necessitates a high degree of control over the poly-mer translocation time. Motivated by this point, we characterize here the alteration of the polymer translocation time by tunable system parameters such as the pore charge and radius, and the bulk salt concentration.
The translocation time corresponds to the mean first passage time of the polymer from the pore entrance at z p = 0 to the final point z p = L m +L p where the polymer leaves the pore. Substituting the current Eq. (2) into the continuity Eq. (1) and using the definition of the effective potential in Eq. (15), the Smoluchowski equation takes the form of an effective Fokker-Planck equation
In a stochastic process characterized by Eq. (77), the mean first passage time τ (z 2 ; z 1 ) from the initial point z 1 to the final point z 2 in the pore is given by the solution of the Dynkin equation [42] ,
Solving Eq. (78) with reflecting and absorbing boundary conditions respectively at z 1 and z 2 , one finds
Finally, we set z 1 = 0 and z 2 = L p + L m and carry out the double integral in Eq. (79) with the effective potential (49). After some algebra, one gets the translocation
where the characteristic times for polymer capture, translocation, and exit are respectively given by
We consider now the simplest asymptotic limits of Eq. (80). In the limit of a vanishing electric field and neutral pore where λ e = λ b = 0, the characteristic times (81)- (83) 
Thus, in the diffusive limit the translocation time increases quadratically with the polymer length L p , which is a well-known result for rodlike chains [21] . In the case of finite voltage ∆V and neutral pores, where the electrostatic barrier vanishes (λ b = 0), the translocation time (80) takes the form
which yields the relation L m + L p ≈ v dr τ characterizing a purely drift-assisted translocation. Equation (85) shows that in the pure drift regime, the translocation time grows linearly with the polymer length L p and decays linearly with the voltage ∆V . In the next subsection we scrutinize the alteration of the polymer translocation times by membrane charge strength and pore confinement.
1. Membrane charge σm and pore radius d
The main plot of Fig. 9 displays the variation of the polymer translocation time (80) with the membrane charge density (solid black curve). In the region σ m < σ m,2 ≈ 0.12 e/nm 2 corresponding to the drift-dominated regime, where the characteristic charge σ m,2 is given by Eq. (68), increasing the membrane charge weakly increases the translocation time. Beyond the membrane charge σ m,2 , where one switches to the barrier-driven regime, the translocation rate grows exponentially fast. More precisely, the alteration of the membrane charge by ≈ 0.1 e/nm 2 enhances the translocation rate by four orders of magnitude. This strong sensitivity in the barrier-driven regime indicates that the chemical alteration of the membrane charge density can be an efficient way to tune the duration of ionic current signals in translocation experiments. According to the black curves in Fig. 8(b) , the lower boundary σ m,2 of this regime increases with bulk salt concentration, i.e. ρ b ↑ σ m,2 ↑.
In order to understand the trend of the curves in Fig. 9 , one has to simplify Eqs. (81)-(83) . Focusing on the experimentally relevant regime of strong electric fields λ e L ± 1 and neglecting exponentially small terms, Eq. (80) simplifies as
In the drift-dominated regime λ e > λ b , neglecting the exponential terms of Eq. (86), one finds
For λ e λ b , Eq. (87) tends to the pure drift limit of Eq. (85). Then, in the barrier-dominated regime λ b > λ e , by keeping only the exponential terms in Eq. (86), we get
Equations (87) and (88) reported in Fig. 9 accurately reproduce the behaviour of the translocation time in the corresponding regimes of validity. Taylor expanding the inverse distances in Eqs. (47) and (48) in terms of the screening parameter κ b , and the charge densities σ m and σ p , we get
One notes that the inverse lengths λ e and λ b scale linearly with the membrane charge σ m . Considering this point, the asymptotic laws (87) and (88) explain the weak and the exponentially fast growth of the translocation time in the drift and barrier-dominated regimes of Fig. 9 , respectively. Finally, Eq. (88) indicates that in the barrier-driven regime, the translocation time decays exponentially with the external voltage. This agrees qualitatively with experiments and simulations [14, 41] . In the inset of Fig. 9 , we display the variation of the polymer translocation time with the pore size. polymer transport through negatively charged siliconbased membrane nanopores (see Fig.7 of Ref. [14] ). The extension of the translocation time by a stronger confinement (d ↓ τ ↑) results from the amplification of the MFlevel electrostatic barrier in the exponential of Eq. (88). Indeed, Eqs. (88) and (90) show that with increasing pore size d, the translocation rate decays as ln τ ∼ 1/d. We note in passing that due to the comparable range of the pore and polymer radii, the image-charge barrier neglected in our MF model is expected to enhance the total electrostatic barrier and the translocation time. This effect will be considered in a future work.
Salt concentration ρ b
In Fig. 10 , we display the salt dependence of the polymer translocation rate at various membrane charges (solid black curves). We also report the limiting laws of Eqs. (87) and (88) indicating the drift and barrier-driven regimes. In neutral pores where translocation is purely drift-driven, the increment of the salt density weakly affects the translocation time. In charged pores, due to the competition between salt screening of the electrostatic barrier and the electrophoretic DNA mobility, with increasing ion density, the translocation time drops in the barrier-dominated regime (ρ b ↑ τ ↓), reaches a minimum, and weakly increases in the drift regime (ρ b ↑ τ ↑).
According to Eqs. (88) and (90), in dilute salts the polymer translocation time decays with the ion density as ln τ ∼ 1/ρ b (see the red curves in Fig. 10 ). This strong salt dependence of the translocation rate suggests that the alteration of the salt concentration in the barrierdriven regime can be an efficient way to tune the DNA velocity in translocation experiments. We finally note that in Fig. 10 , the minimum of the translocation time is located at the density ρ b,2 given by Eq. (76). In agreement with the red curves in Fig. 8(b) , the increment of the membrane charge shifts the location of this minimum to larger salt concentration regimes, i.e. σ m ↑ ρ b,2 ↑.
IV. SUMMARY AND CONCLUSIONS
Biopolymer translocation through nanopores under realistic experimental conditions remains a challenging problem due to the complicated interplay between entropic, electrostatic and hydrodynamic degrees of freedom. In the present work we have focused on the electrostatic interactions and developed a consistent beyondequilibrium theory of polymer capture and transport through charged pores in electrolyte solutions by coupling electrohydrodynamic equations with the Smoluchowski formalism. The main achievement from our theory is the incorporation of direct electrostatic polymermembrane interactions to the polymer translocation velocity. In the relevant case of anionic polymers translocating electrophoretically through negatively charged pores, these interactions result in a repulsive electrostatic barrier V p (z p ) that reduces the polymer velocity from the drift value v dr to v p (z p ) = v dr − βD * V p (z p ). The corresponding competition between the electrostatic barrier and the drift effect gives rise to a critical membrane charge σ m,3 = f p ηβκ b L p µ e E/ ln(d/a) above which the polymer is likely to be rejected by the nanopore regardless of its charge strength (see Fig. 7 ). The same competition results in a non-monotonic behaviour of the polymer translocation rate with the bulk salt concentration (see Fig. 8(a) ). More precisely, due to the distinct ion density regimes where the salt screening of the electrostatic barrier and the electrophoretic polymer mobility occur, there exists a characteristic salt concentration ρ b,2 given by Eq. (76) that maximizes the polymer capture probability. This prediction is of high degree of relevance to translocation assisted biopolymer sequencing.
In addition, we investigated the influence of the electrostatic barrier on the polymer translocation time τ . We found that in the barrier-dominated regime, the translocation time is highly sensitive to tunable system parameters. Namely, the translocation time rises exponentially fast with the membrane charge ln τ ∼ σ m , and decays exponentially with the pore size ln τ ∼ 1/d and salt concentration ln τ ∼ 1/ρ b . These features suggest that the variation of these parameters in the barrier-driven regime can be an efficient way to regulate the duration of the translocation process and the resulting ionic current blockage.
At this point we should highlight the approximations of our model and suggest potential improvements. First, in the computation of the membrane potential and the convective liquid velocity, we have neglected the edge effects associated with the finite thickness of the membrane. In order to relax this approximation that allowed us to keep the translational symmetry along the pore axis, one should account for the dependence of the electrostatic potential φ(r) and convective velocity u c (r) on the z coordinate. This task can be achieved in the linear PB approximation where one should solve the linear PB and Stokes equations by the method of separation of variables. It should however be noted that this improvement will also increase the dimensionality of the problem and shadow the physical insight provided by our simpler theory.
Second, we have treated electrostatic interactions at the MF level. This choice was motivated by the limitation of our work to monovalent electrolytes where correlations are known to play a minor role. However, in translocation experiments conducted with nanopores of size comparable with the polymer radius such as α-Hemolysin pores, the strong confinement effects neglected by the MF electrostatics are expected to enhance the electrostatic barrier experienced by the polymer [5] . In order to consider this complication as well as the effect of polyvalent salt on DNA transport where charge correlations are non-negligible, we plan to investigate electrostatic manybody effects in future work.
Finally, our polymer transport theory is based on a rigid polyelectrolyte model. Within the unified theory of charge and polymer fluctuations developed by Tsonchev et al. [43] , the conformational fluctuations of the translocating polymer can be incorporated into the present transport theory in the future. Despite these approximations, our various predictions have been shown to be in good qualitative agreement with translocation experiments and simulations. This indicates that our model embodies the most relevant features of these systems.
